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Discrete Toda Field Equations. 
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Abstract. There are two-dimensional Toda field equations corresponding to each (finite 
or affine) Lie algebra. The question addressed in this note is whether there exist integrable 
discrete versions of these. It is shown that for certain algebras (such as A n , An and 
B n ) there do, but some of these systems are defined on the half- plane rather than the full 
two-dimensional lattice. 
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The original Toda chain 

<Pj = exp - ^ CjkVk, (1) 
k 

where the Cjk are certain constants, is an integrable system in which (pj(t) depends on 
a discrete variable j and on a continuous variable t [1]. This can be generalized in two 
ways, while maintaining integrability. First, the number of continuous variables can be 
increased from one to two (replace t by u,v), with the second derivative being replaced 
by the two-dimensional wave operator d u d v . Secondly, the discrete variable can be made 
to correspond to the simple roots (Dynkin diagram) of a finite-dimensional or affine Lie 
algebra. The equation now looks like 

d u d v (pj = exp - ^ C jk<Pk, (2) 
k 

where Cjk is the Cartan matrix of the Lie algebra [2-5]. In the original (infinite) Toda 
chain, the Lie algebra is the N — > oo limit of A N _i = su{N). 

The subject of this note is the question of whether there exists an integrable version of 
(2) in which the variables u and v are discrete, i.e. an integrable partial difference equation 
which reduces to (2) in a continuum limit. The general topic of discrete integrable versions 
of partial differential equations has long been of interest. There have been several different 
approaches, for example: 

• discrete version of the AKNS linear system [6]; 

• Hirota's method [7-12]; 

• Zakharov-Shabat dressing method [13]; 

• linear integral equations [14-17]. 

In connection with discrete versions of the Lax system for the Toda chain (1), see also refs 
18-21. Suris [18-20] exhibited discrete integrable versions of the Toda chain corresponding 
to all the non-exceptional affine Lie algebras. The question here is whether there are 
analogous integrable lattice versions of the Toda field equations (2). By "integrable" we 
mean that the equation can be expressed as the consistency condition of a linear sysytem 
of the type described below. Two particular examples that have been known for some time 
are: 

• a discrete sine-Gordon equation [9], corresponding to the algebra A^; 

• a discrete Toda field equation [13, 12, 22]. 
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The latter is often known as the Hirota or Hirota-Miwa equation. It is fairly straightforward 
to impose boundary conditions (in the index j) which reduce it to a discrete A n or 
Toda field equation; but the resulting finite-rank systems do not seem to have appeared 
explicitly in the literature before. Let us therefore begin by presenting these, in a form 
similar to that of ref 18. 

Let u and v be coordinates on the two-dimensional lattice Z 2 , with lattice spacing 
h. So each of u and v takes values which are integer multiples of h. A subscript denotes 
shift in the forward direction: in other words, if f(u,v) is a function on the lattice, then 
f u (u,v) = f(u + h,v) and similarly for f v . Consider a linear system involving N x N 
matrices U and V (with iV > 2), and a column N- vector ip, of the form 

iP u = UiP, ip v = ViP, (3) 

where 

U = A -1 / + hexp(F u )X_ exp(-F), 

(4) 

V = Xexp(F v - F) - hX+. 
The various symbols appearing in (4) are defined as follows: 

• A is an arbitrary scalar parameter; 

• I is the identity matrix; 

• F = diag(/i, /2, • • • , /at) is a diagonal matrix; 

• X + is the matrix with ones immediately above the main diagonal, and zeros elsewhere, 
i.e. (X + ) ab = 5 a -b+i; 

• X- similarly has ones just below the main diagonal. 

Note that X + is the sum of elements of A N -± corresponding to its simple roots, in the usual 
representation. We are thinking in terms of a specific representation of the Lie algebra, 
because the discrete Toda equations are not purely Lie-algebraic (unlike in the continuum 
case) . 

The consistency condition for (3) is U V V = V U U . The A -1 and A terms of this equation 
are automatically satisfied by (4), and the remaining (A-independent) term is equivalent 
to 

exp(A 2 /i) = [l + /i 2 exp(/ 2M -f lv )], 

exp(A 2 / fc ) = [1 + h 2 exp(/ (fc+1)tt - /fc«)]/[l + h 2 exp(f ku - f( k -i)v)] 

(5) 

for 2 < k < N - 1, 
exp(A 2 f N ) = !/[! + h 2 exp(f Nu - f (N - 1)v )}, 

3 



where 

A 2 / = f uv -U-fv + f. (6) 

The equations (5) are the discrete A N _i Toda field equations. Strictly speaking, we 
should impose the constraint 

N 

k=i 

so that there are only N — 1 independent fields. This is consistent with the field equations, 
because one of the equations (5) is in effect det(U v V) = det(V u U), and this is automatically 
satisfied if (7) holds. So one should think of (5) as consisting of N—l second-order difference 
equations for N — 1 functions. 

Let us examine two limiting cases of these field equations. First, if the fk depend only 
on the single discrete variable t = u + v, then (5) reduces to the discrete A^-i chain in 
the form described by Suris [18,19]. He does not impose the constraint (7), but remarks 
that the quantity At Yl fk is a constant of motion. Secondly, in the continuum limit h — > 
the equations (5) do indeed reduce to (2), where Cjk is the Cartan matrix of An-i and 
Vk = EjLi fi for 1 < k < N - 1. 

The equations corresponding to the affine algebra A^_ 1 are very similar. The linear 
system is again (4), but now the constant matrix X + has an additional unit entry, in its 
lower left-hand corner: (X+) a b = 5 a -b+i + da-N^b-i- Similarly, X- has a one in its upper 
right-hand corner. The resulting field equations are 

exp(A 2 f k ) = [1 + h 2 exp(/ (fc+1)u - f kv )W + h 2 exp(fku ~ f(k-i)v)} (8) 

for 1 < k < N, where /o = /at and /jv+i = fi (in other words, fk is periodic in the index 
k, with period N). 

The two special cases described above for A N -± work in exactly the same way for 
these A^ I p_ 1 equations. Another special case worth pointing out is that of A^: taking 
fi = —$2 = vp, equation (8) with N = 2 reduces to the discrete sine-Gordon equation for 
<P [9]- 

By making different choices of the matrices F and X±, Suris [18] obtained discrete 
Toda chains corresponding to other affine Lie algebras. Another way of deriving the same 
results is to use a symmetry reduction (cf. ref 5 for the continuum case). For the one- 
dimensional chain, where fk = fk(t) = fk( u + v ), the equations (5) and (8) have the Z 2 
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symmetry 

/jv >-»• /at-i i-> -/2, • • • , /i >-»• -/at- (9) 

So we can reduce by putting /jv = — fi etc. The Atv_i chain then reduces to the chain 
corresponding to CV/2 (for A" even) or -B(jv-i)/2 (for N odd); and reduces to the 

chain Cjy 2 (for A" even) or A^_^ (for A" odd). Finally, the chain D^ 2 j 2 is obtained from 
^■N-i w ith A" even, via an analogous but slightly different reduction. Chains corresponding 
to other Lie algebras such as involve a Lax representation of a more general type, and 
do not fit into the scheme presented here. An examination of some particular examples 
illustrates that these equations, despite the notation, are not strictly Lie-algebraic. For 
example, the discrete Toda chains labelled by A\ and B\ are different, even though these 
Lie algebras are isomorphic. 

For the (two-dimensional) Toda field equations (5) and (8), however, things are not 
quite so simple. These equations do not admit the symmetry (9). But they do admit such 
a symmetry if we also interchange the independent variables u and v. In other words, we 
can reduce (5) and (8) by imposing 

f N (u,v) = -fi(v, u), f N -i(u,v) = -f 2 (v,u),.... (10) 

Because of the nonlocal nature of this constraint, one then gets nonlocal field equations. 
But one can restore locality by restricting to symmetric functions of u and v. In effect, 
this yields a partial difference equation on the half-plane, rather than on the full plane Z 2 . 
Let us examine a particular example, namely the systems corresponding to B n . 

So let N = 2n + l be an odd integer, with n > 1. Impose (10), and also the condition 
that fkv be symmetric in (u,v), ie. 

fk(u,v + h) = fk(v,u + h) for k = 1,2, . . .,n. (11) 

Finally, impose f n +i = 0, which is consistent with (5, 10, 11). The effect of all this is that 
the field equations (5) reduce to 

exp(A 2 /i) = [1 + h 2 exp(/ 2u - 

exp(A 2 / fc ) = [1 + h 2 exp(/ (fc+1)tl - /*„)]/ [1 + h 2 exp(f ku - f( k -i)v)] 

(12) 

for 2 < k < n - 1, 
exp(A 2 / n ) = [l + / i 2 exp(-/ n ,,)]/[l + /i 2 exp(/ nu -/(„_!)„)], 
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together with the symmetry constraint (11). So we can think of (12) as being defined on 
the half-plane v < u + h. In terms of the laboratory coordinates t = \{u + v — h) and 
x = ^(u — v + h), this half-plane consists of those lattice sites which lie in the region x > 0. 
The field equation is (12) at lattice sites for which v < u + h, and there is a boundary 
condition if v = u + h. The latter is obtained from (12) by using the symmetry about 
x = 0: for each k, fu v is replaced by fk u - 

The continuum limit h — > oo of this gives the B n Toda field equation in the half-plane 
x > 0, with the boundary condition d x (pk = on x = 0. Notice also that the discrete B n 
Toda chain is a special case, since the fk are then independent of x. 

In conclusion, it has been shown that there exist integrable discrete versions of the 
two-dimensional Toda field equations, corresponding to at least some of the simple finite- 
dimensional or affine Lie algebras. The basic cases are A n and Others such as B n and 
C n can be obtained from these by reduction, but it appears that these reduced systems 
are defined on the half-lattice rather than the full two-dimensional lattice. Not all the 
reductions have as yet been analysed. And for the algebras _D n , \ and ^n-i ^ ne 
picture is unclear: the corresponding discrete Toda chains involve Lax representations of a 
more general type [18,19], and it is an open question whether discrete two-dimensional ver- 
sions exist. Similarly, the situation with regard to the exceptional Lie algebras is unknown. 
It would be preferable to have a "group" description which did not involve a particular 
representation, but it is not clear what sort of algebraic structure is required for this. 
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